Journal of Engineering Mathematics, Vol. 5, No. 2, April 1971
Wolters-Noordhoff Publishing—Groningen 121
Printed in the Netherlands

On Two Pairs of Simultaneous Dual Integral Equations

R. KHADEM~*

Northwestern University, Evanston, Illinois, USA.

(Received July 7, 1970)

SUMMARY

This paper considers a system of coupled pairs of dual integral equations with constant coefficients involving Bessel
functions of orders zero and unity. A solution is obtained in terms of the coefficients by reducing the system to a single
integral equation of the Wiener—Hopf type with both the sum and difference kernels present.

A simple transformation of the system causes the coefficient of the sum kernel to vanish. The transformation leaves
the Wiener~Hopf equation unaltered except for the coefficients which become complex. An equation of this type was
solved by Spence in 1967. Although Spence’s solution does not cover complex coefficients it can be modified to do so.
The result is quoted in this paper and is used to solve the system of coupled pairs of dual integral equations of the
present paper.

The adhesive contact problem recently solved by Gladwell is one in which the solution technique of the present
paper has proved useful.

1. Introduction

Mixed boundary value problems are often solved by integral transform techniques. The
approach leads to one or more pairs of dual integral equations. Some work has been done on
simultaneous dual integral equations by Erdogan and Bahar [1], Westmann [2], Keer [3],
Spence [4] and Khadem [5]. Erdogan and Bahar reduced the problem to a system of infinite
linear algebraic equations. Westmann gave a closed form solution for the system involving
Bessel functions whose orders differ by two: Keer has recently obtained a solution for coupled
pairs of dual integral equations by using the operator notation of Erdelyi and Sneddon in
conjunction with Westmann’s method. Neither Westmann’s solution nor Keer’s, however,
covers the system treated here. Spence and Khadem solved the system of the present paper for
special values of the eight constant coefficients. It happens that other values of the coefficients
introduce additional terms in the analysis which require the present treatment.

In the present paper, solution is given for the system of two pairs of dual integral equations
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subject to certain restrictions mentioned in the sequel, where a,, b; are known coefficients, real
or complex. Equations (1.1) and (1.2) are denoted by system 1. They are reduced in [5] to the
following integral equation of the Wiener—Hopf type with both the sum and the difference
kernels present:
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where
s@)=t"",(t), k() =sin(t)/nt L4
r(t) = %{;11 H, (1) + ElgHz(t) - bilDl(t) — biBDZ(t)},

wherein

() = | fr(p)cos prdp,  Ha(0) = | 1(s) cos prdp
Yo J1 (1.5)

1 0

Dy(1) = Sog’{‘(p) sin ptdp,  D,(t) = Sl g3 (p) sin ptdp .

The starred functions are defined in terms of f;(p) and g;(p), thus
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The coefficients §,, 8, and w occurring in (1.3) are

b b a a b b a a
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In section 2 it is argued that if system I is solved for ¢, and ¢, + d¢,, instead of ¢, and ¢,,
then the coefficient of the sum kernel can be made to vanish by an appropriate choice of the
parameter 8. The parameter § effectively transforms system I to the equivalent system II
involving the unknown functions v (¢) and ¥, (t), where

W1(t):€01(t)’ lﬁz(t):@z(t)‘f‘é@l(t)- (1'8)

System II obviously reduces to the Wiener—Hopf equation with the sum kernel absent. The
solution of this equation is used in section 3 to solve the original system for ¢ and ¢,. The
solution is shown in section 4, to agree in special cases with those of Spence [4], Khadem [5]
and Gladwell [6].

2. The Equivalent System

Let ¢, (¢) and ,(¢) be defined as in (1.8), then the equivalent system becomes
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where
Ay=ay—0ay; A;=ay; Azy=az—0day; As=ay
(2.3)

B,=b,—0b,; B,=b,; By=b;—0dbs; B,=b,.
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The system reduces to the following equation, which is equivalent to (1.3):
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for t >0, where

Q)=t""y()=1t""[g2(t)+ 0, (1)] (2.5)
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and
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Cl)=-{-H — Hy(f) — — -
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It can be shown that 5} =0 if ¢ satisfies the quadratic
A'6*+2B6+C' =0, (2.7
where
A =aya,bby—aya3b,by—ajasb,by+aaub,by
B = aya3b,bs—aa.b. b, (2.8)

C' =a,a;b,b,—a;asb,bs;—a,a3b,bs+aa,bbs.

The parameter 6 being, in general, complex, causes the coefficients 4;, B;, 3 and @’ to be com-
plex.

3. The Solution of System I

The Wiener—Hopf equation mentioned in section 2 has been solved by Spence [8] for real
coefficients. Spence’s solution can, however, be modified to cover complex coefficients. The
modified solution is presented here.

The integral equation under consideration is

® . 10 t>0
Q(t)+B SO Q&) k(t—&)de —AC(L‘)Z{C(I) =0 (3.1)
where
i=t =g (32)
w
Note that Spence’s solution applies when C(t) is of the form
d d
Clt)=P (E) k(t)+Q(;ﬁ> 1), (3.3)

where P and Q are nth degree polynomials in the operator d/dt, and I(t)=(1 —cos t)/nt. The
function C(t) in (3.1) is of the form (3.3) if f;(p), ¢g,(p) arc polynomials and f,(p)=g,(p)=0.
It can be shown that the solution of (3.1) is

Q(2)
c(=1)

where ¢ = k0 + wx (the + sign corresponding respectively to Q(t) and ¢(—1)),  is complex and

2 1
} = + - sinh 47k S [U(w) cos o +wV (w) sin ¢]dw, (34)
0
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00) = — 5 2 sinh ) (B ) . 1)+ 1B ) 20, 9}
—}% [s(w)+s(—w)] + 2)—/3 E(w), (3.5)
V)= = o (2 sin b ) (B, 00) -+ 0B, )2 )
+ 5 50 =s(=w)] = 5 Tlw). (9)
where k=g +it=n""log(1+f),
W (w, ) . [*( sinh ky cot y dy
y (W’ K)} = cosech 21K SO { cosh Ky m s (3.7)
ool = oy 0(-m 68
and
17?“((»»:3} = R(W) £ R(—w). (3.9)

The functions R(w) in (3.9) and s(w) in (3.5) and (3.6) are polynomials. The method for con-
structing them from P(—iw) and Q (— iw) is described by Spence. For second order polynomials

P(%) = Po+tDi % + pz(d%)z ; Q(%) =4, % + %(%)2, (3.10)
R(w) is found to be R(w)=p,+xp, +3x’p, —p, w> —iw(p, +xp,), or

R(w)=[A+p,w(t—w)+iB(t—w)], (3.11)
where

A=py+op,+Ho*~1%)p,; B=p,+op,, (3.12)

and s(w) is found to be
s(w) = %sinh skn(q lo+a2 1 —iwga L), (3.13)

where I, and I, are integrals defined in terms of i (w, x):
L=xp(Lx); I =i-4xl,. (3.14)

This completes the solution of the integral equation (3.1). The function Q(¢)=t""{¢p,(t)+
d¢,(¢)} has thus been determined.

To obtain closed-form expressions for ¢, and ¢,, one must write (3.4) twice, corresponding
to 8, and &,, respectively (J,, J, satisfy Eq. (2.7)). The resulting two equations lead at once to
the solution of the original system of dual integral equations.

4, Existing Solutions

(a) Reduction to Spence’s Solution

Spence [4] and Khadem [5] have studied the system described by (1.1) and (1.2), where
ay=ay=b,=by=—by=1, a,=3f, a,=0, by=—(1+3f), filp)=a""w(p), g.(p)=a""u(p),
f2(p)=g,(p)=0. In this case, é has values of zero and —2.0. For =0, we have

Journal of Engineering Math., Vol. 5 (1971) 121-126



On two pairs of simultaneous dual integral equations 125

ct) = %Sl [w*(y) cos yt—u*(y) sin yt]dy, (4.1)
[¢]
where
* zli * pwip)dp * :ll_d‘SyWPZup)dp 4.2
=, dy So = " ®) aydy Jo (V' —p?)*’ 42
The integral equation (3.1) becomes
Q)+ S:j QOK(-8de =C(t) 10, (4.3)

whose solution is -given by (3.4). Note that k=6=n"" log(l + 1), and t=0. The solution of

(4.3) is

Q(t) 2 ot .

= sinh sxn | [U(w) cos (k6 +wt)+wV(w) sin(x0+wt)]dw , (4.4)
JO

where

Uw)=A—p,w? + %sinh ke {gq, [w? x(w, K)~xp (1, ¥)]
+ g2 [W(w, k) +5 -2 (1, 1)1} (4.5)

V(iw)= —-B + %sinh A (Y (w, K) g, — g2 [w? x(w, K)— (1, x)]} .

B, (W)= —2q,w? B, (w)=2q, iw (4.6)
E(w)=2A4—p,w? T(w)= —2iwB

s(w)+5(=w) = sinh e (s (1, )4, — (3~ b (1, 19145} @)
sw)—s(~w) = — %iw sinh 37k {kq, ¥ (L, )} ,

Equations (4.4) and (4.5) are in agreement with Spence [4].
(b) Reductions to Gladwell’s Solution

Gladwell [ 6] has recently considered three pairs of simultaneous dual integral equations which
he reduced to two pairs of the form considered here, with a,=b,=1, a,=b, =0, ay=b,=a,
ag=by=1—0, fi(p)=d,, g1(p)=vp, f2(p)=9,(p)=0. These values of a,, b; give = +1. For
d=+1,

4,=1; A,=0; Ay=2a—1; A,=1-ua

(4.8)
B,=-1; B,=1; By;=1-20; B,=a
fr=2(1-a)/Ra-1), o =1/20—1). (4.9)
At this stage it is convenient to define quantities ¢ and # such that
e*"=1/Qu—-1), o=2n/n. (4.10)
Then
o' =e*", f=-21+a); 1+B=¢"7". (4.11)

Since 1+f is real, k=n"" log (1 + f)= —o, also
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cl— 2d1k(t)—4v%l;, (4.12)
that is,
po=2dy, pi=—4v, (4.13)
P2=p3=..0n=0, ¢1=¢>=...4,=0.
The solution is
2 1
02+ (1) = - sinh %an‘ [U(w) cos (60 —wt)—wV (w) sin (66 — wt) ] dw, (4.14)
JO
where
U(w)=4(d,+2va)e™ ", V(w)=8ve ",
and since for k= —¢, B! sinh lon= —1le7, then
2 1
0a()+ o, (1) = p e " 5 [(d;+20V) cos (o —wi)—2vw sin (60 —wr) ] , (4.15)
0

corresponding to 6= —1, Eq. (3.1) can be solved again (note that in this case (4.8)-(4.14)
should be altered accordingly), to give
1

©()—o.(t)= — %e” g [(dy+2av) cos(c8+wt)—2vw sin (60 +wt) ]dw | (4.16)

v O

in agreement with the result quoted by Gladwell.
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